(p, q)-Sz\'asz-Mirakyan-Baskakov-Stancu type Operators by Pandey, Shikha & Mishra, Vishnu Narayan
1 
 
(p, q)-Szász-Mirakyan-Baskakov-Stancu type Operators 
Shikha Pandeya*, Vishnu Narayan Mishraa,b 
a
 Department of Applied Mathematics & Humanities, Sardar Vallabhbhai National Institute of  
Technology, Ichchhanath Mahadev Dumas Road, Surat -395 007 (Gujarat), India. 
b
 L. 1627 Awadh Puri Colony, Phase –III, Beniganj , Opp. Industrial Training Institute(I.T.I.), 
 Ayodhya Main Road, Faizabad-224 001, (Uttar Pradesh), India. 
Abstract 
This paper deals with the Stancu variant of (p, q)-Szász-Mirakyan-Baskakov operators. Estimation of moments and establishing  few 
basic approximation results which comprise weighted approximation and  direct estimates in view of modulus of continuity is the aim of 
this paper. Steklov mean method has been used for linear approximation. For the particular case α = 0, β = 0, we get (p, q)-Szász-
Mirakyan-Baskakov operators. 
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1. Introduction 
 
In last two decades q-calculus has played very important role in approximation theory. Various operators are introduced in q-
form ([2],[4],[7],[9]). (p, q) calculus is the extension of q-calculus. Recently Mursleen et al. depicted (p, q)-analogue of 
Bernstein Operators in [11]. Elementary notations and operations of (p, q) calculus are: 
For 0  	  	  1, the (p, q) type integer  n
, is described by 
n
, ∶ 	 p  q   . 
(p, q) factorial is expressed as  
,!  
,  1
,  2
, … . 1,				0
,!  1.	 
 
and (p, q) binomial coefficient is expressed as 
,  	 
,!
,!   
,! ,						 ! 		0    . 
 
Expansion of (p, q) power is "# ⊕ %&,'  ∏ ")# * )%&,'+,)-.    and      "# ⊖ %&,'  ∏ ")#  )%&.'+,)-.  
The definite integral of any function 0, with limits from 0 to a, is given by 
1 0"#&d,x4.  "p  q&a	6 778, 0	 9 778, %:
;
7-. ,																	<< = 1. 
____________________________ 
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(p, q)-derivative of the function 0 is given by 
>,0"#&  0"#&  0"#&"  &# , # ? 0. 
Two (p, q)-analogues of the exponential function are, (see [1],[6],[8],[13]): 
 ,"#&  ∑ A"ABC&/EFA'
G,H ,;'-.	   and  I,"#&  ∑ A"ABC&/EFA'
G,H .;'-.  
2. Construction of operator 
Mohapatra and Walczak studied the Szász-Mirakyan type operators in [10]. Further in [6], (p, q)-Szász-Mirakyan-Baskakov 
Operators has been illustrated. Motivated by it, we define the stancu variant of (p, q)-Szász-Mirakyan-Baskakov Operators, 
as 
J',K,L, "0, #&    1
, ∑ M',7,"#&7"78,&+N
/N"78,&"78N&/N;'-. O P Q',7,"R&	0 S'
G,HTU8K'
G,H8L VW,R;. ,		  (1) 
Where M',7,"#&  I,+,X
,#Y T"TBC&E '
G,HT FT7
G,H! , Q',7,"R&   *   1 , UT",⊕U&G,HTZA. 
For the particular case when     1, [  \  0 of  operators (1) is presented in [12]. 
Moments 
Using the results of [6], we can easily obtain the first three moments of operators (1), as 
Lemma 1 For # ∈ 0,∞& and 0      1	we have 
1. J',K,L, "1, #&  1, 
2. J',K,L, "R, #&  	 K"'
G,H8L& * '
G,HE"'
G,H8L&'+N
G,H * '
G,HEE"'
G,H8L&'+N
G,H #, 
3. J',K,L, "RN, #& 
KEX'
G,H8LYE * NK'
G,HX'
G,H8LYEE'+N
G,H * N
G,H'
G,HEX'
G,H8LYE_`'+N
G,H'+a
G,H * '
G,HEX'
G,H8LYEE'+N
G,H bcX8N
G,HY8Ed'
G,H``'+a
G,H *2[e # * '
G,HfX'
G,H8LYEg'+N
G,H'+a
G,H #N. 
3. Direct Result 
Theorem 1 Let	 ∈ "0,1&	and  ∈ ", 1
 the operator maps hiinto hi and jJ',K,L, "0&jkl  ‖0‖kl, 
where hi0,∞& is the space of all real valued continuous and bounded functions on 0, ∞& and ‖0‖kl  supF∈.,;&|0"#&|. 
 Proof  From Lemma 1, we have 
qJ',K,L, "0, #&q    1
, ∑ M',7,"#&T"TZC&BE
E "TZC&"TZE&E O;7-. P Q',7,"R&	<0 S'
G,HTU8K'
G,H8L V< W,R;. 	  
 supF∈.,;&|0"#&| 	  1
, 6M',7,"#&T"TZC&BE
E "TZC&"TZE&E O
;
7-. 1 Q',7,"R&	W,R
;
. 											 											 supF∈.,;&|0"#&|	J',K,L, "1, #&  ‖0‖kl .          
□ 
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Theorem 2 Let  ∈ "0,1& and  ∈ ", 1
. If 0 ∈ hi0,∞&, then  
qJ',K,L, "0, #&  0"#&q  5	s t0, ,u'+N
G,HvtKu'+N
G,HX'
G,H8LY * '
G,HEX'
G,H8LYu'+N
G,H * w '
G,HEEX'
G,H8LYu'+N
G,H  x  2
,w #v *
yNsNt0, ,u'+N
G,Hv z{{
{|
}~
S '
G,HfX'
G,H8LYEg'+a
G,H  N'
G,HEEX'
G,H8LY *   2
,V #N * 
NK'
G,HEX'
G,H8LYEE * '
G,HE cX8N
G,HY8EdX'
G,H8LYEf_'+a
G,H NK'+N
G,HX'
G,H8LY  N'
G,HEX'
G,H8LY # *
NK'
G,HX'
G,H8LYEE * N
G,H'
G,HEX'
G,H8LYE_`'+a
G,H * '+N
G,HKEX'
G,H8LYE
* 2


 .  
Proof    For #  0 and  ∈ , applying the Steklov mean 0 (See [6]), we have qJ',K,L, "0, #&  0"#&q  J',K,L, "|0  0|, #& * qJ',K,L, "0  0"#&, #&q * |0"#&  0"#&|.                    (3) 
Using the property of Steklov mean and theorem 1, we get J',K,L, "|0  0|, #&  jJ',K,L, "0  0&j  ‖0  0‖  sN"0, &. 
Now using Taylor’s expansion, 
qJ',K,L, "0  0"#&, #&q  ‖0‖klJ',K,L, "R  #, #& * 12 ‖0‖klJ',K,L, ""R  #&N, #&. 
From the properties of Steklov mean and Lemma 1, we will obtain 
qJ',K,L, "0  0"#&, #&q  s"0, & S KX'
G,H8LY * '
G,HEX'
G,H8LY'+N
G,H * < '
G,HEEX'
G,H8LY'+N
G,H  1< #V * yNE sN"0, &	J',K,L, ""R #&N, #&,  
 where 
J',K,L, ""R  #&N, #&  S '
G,HfX'
G,H8LYEg'+N
G,H'+a
G,H  N'
G,HEEX'
G,H8LY'+N
G,H * 1V #N * S NK'
G,HEX'
G,H8LYEE'+N
G,H *'
G,H` cX8N
G,HY8EdX'
G,H8LYEf_'+N
G,H'+a
G,H  NKX'
G,H8LY  N'
G,HEX'
G,H8LY'+N
G,HV # * NK'
G,HX'
G,H8LYEE'+N
G,H *N
G,H'
G,HEX'
G,H8LYE_`'+N
G,H'+a
G,H * KEX'
G,H8LYE . 
Replacing   u ,'+N
G,H and substituting the above estimated values in (3), we get the above mentioned result.             □ 
4. Korovkin Type Weighted Approximation 
   Define,                     hFE0,∞&  0: |0"#&|  "1 * #N&,  = 0, 0	M	RM, 
   and                           hFE∗ 0,∞&  0: 0 ∈ hFE0,∞&, lim|F|→; "F&,8FE	 M	0R , 
   hence for 0 ∈ hFE∗ 0,∞&	we have,          ‖0‖FE  supF∈.,;& |"F&|,8FE . 
Henceforth, we state the Korovkin type weighted approximation theorem, as in ([3],[5]), for # ∈ 0,∞& is, 
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Theorem 3 Let	  "'&	and   "'& satisfies 0  '  '  1	and for  large ' → 1, ' → 1 and '' → %, '' → Q,lim'→;
A,A  ∞. For 0 ∈ hFE∗ 0,∞&, we have lim'→;jJ',K,LA,A"0&  0jFE  0. 
Proof   It is sufficient to examine the following 3 conditions (See [6]) 																																									lim'→; jJ',K,LA,A"R &  # jFE  0,										  0,1,2.                                      (2) 
Since, J',K,LA,A"1, #&  1, the first condition of (3) is satisfied for   0. For  = 3,	we can say jJ',K,LA,A"R&  #jFE  K"'
GA,HA8L& * '
GA,HAAAE"'
GA,HA8L&'+N
GA,HA * < '
GA,HAEAAEX'
GA,HA8LY'+N
GA,HA  1< #, jJ',K,LA,A"RN&  #NjFE ,X'
GA,HA8LYE S[N * NK'
GA,HAAAE'+N
GA,HA * N
GA,HA'
GA,HAEA_A`'+N
GA,HA'+a
GA,HAV * '
GA,HAEX'
GA,HA8LYEAAE'+N
GA,HA <c'
GA,HAXA8N
GA,HAY8AEdA`A`'+a
GA,HA *2[< supF∈.,;& F,8FE * < '
GA,Hf AX'
GA,HA8LYEAAg'+N
GA,HA'+a
GA,HA  1< FE,8FE,  
 which results into, for   1,2                 	lim'→; jJ',K,LA,A"R &  # jFE  0. 
This completes the proof of Theorem 3.                □ 
5. Voronovskaja-type result 
Let	¢  "¢£&	and ¤  "¤£& satisfies ¥  ¤£  ¢£  ¦	and for £ large ¢£ → ¦, ¤£ → ¦ and ¢££ → §, ¤££ → ¨.  So, ©ª«£→;£
¢£,¤£ → ∞	then for any ¬ ∈ ­®¯∗ ¥,∞& such that ¬, ¬ ∈ ­®¯∗ ¥,∞&, we have 
©ª«£→;£
¢£,¤£ q°£,±,²¢£,¤£"¬; ®&  ¬"®&q  ¬"®&	¦ * ± * ´®
 * ¦¯ ¬"®&¦ * µ®
® 
uniformly on any ¥, ¶
, ¶ = 0	, where 
where  
 A= lim'→;
A,A S '
GA,HA'+N
GA,HA  1V, 
 B  	lim'→;
A,A S '
GA,H` AX'
GA,HA8LY'+N
GA,HA'+a
GA,HA  1V. 
Proof  For ® ∈ ¥,∞&, the Taylor’s formula for function 0 is given by 
¬"¸&  ¬"®& * ¬"®&"¸  ®& * ¦¯ ¬"®&"¸  ®&¯ * ¹"¸, ®&"¸  ®&¯, 
where ¹"¸, ®&	is Peano form of remainder and ¹"⋅, ®& ∈ ­®¯∗ ¥,∞& and ©ª«¸→® ¹"¸, ®&  ¥. 
Operating the above equation by the operator on both sides we get, °£,±,²¢£,¤£"¬; ®&  ¬"®&
  ¬"®&°£,±,²¢£,¤£"¸  ®; ®& * ¦¯ ¬"®&°£,±,²¢£,¤£""¸  ®&¯; ®& * °£,±,²¢£,¤£"¹"¸, ®&"¸  ®&¯; ®&. 
Using Cauchy-Schwarz inequality we have, 
J',K,LA,A""R, #&"R  #&N; #&  uJ',K,LA,A"N"R, #&; #&uJ',K,LA,A""R  #&»; #&. 
Since we know N"#, #&  0 and N"⋅, #& ∈ hFE∗ 0,∞&, Hence from theorem (3), J',K,LA,A"N"R, #&; #&  0 uniformly for # ∈ 0, ¼
. So,  lim'→; J',K,LA,A""R, #&"R  #&N; #&  0. 
Therefore, 
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lim'→;
A,A J',K,LA,A"0; #&  0"#&  0"#& lim'→;
A,AJ',K,LA,A"R  #; #& * 0"#& lim'→;
A,AJ',K,LA,A""R  #&N; #& 		
 0"#& lim'→; ½[ * 
A,A''N  2
A,A * 
A,A 9 
A,A''N  2
A,A  1:#¾
* 12 0"#& lim'→; ¿ 1X
A,A * \Y9[N * 2[
A,A''N  2
A,A * "' * '&
A,A
N''a  2
A,A  3
A,A:
* 
A,ANX
A,A * \Y''N  2
A,A 9c'
A,A"2' * '& * '
Nd'a'a  3
A,A * 2[:#  2
A,A''N  2
A,A #  2[#
* 9 
A,» 'X
A,A * \Y''À  2
A,A  3
A,A * 
A,A  2
A,A
N''N  2
A,A: #N¾
 0"#&	1 * [ * Á#
 * 12 0"#&1 * Â#
#, 
which is the desired result. 
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